We present a way to construct a pilot-wave model for quantum field theory. The idea is to introduce beables corresponding only to the bosonic degrees of freedom and not to the fermionic degrees of freedom of the quantum state. We illustrate this idea for quantum electrodynamics. The beables will be field beables corresponding to the electromagnetic field and they will be introduced in a similar way to that of Bohm's model for the free electromagnetic field. Our approach is analogous to the situation in non-relativistic quantum theory, where Bell treated spin not as a beable but only as a property of the wavefunction.
Introduction
Already in his seminal paper in 1952, Bohm presented a pilot-wave interpretation for the free electromagnetic field [1] . The beables in his pilot-wave model were fields. Similar models can be constructed for the other bosonic fields that are present in the 'standard model' for high energy physics, i.e. the (electro-)weak interaction field, strong interaction field and Higgs field [2] [3] [4] .
On the other hand, for fermionic quantum field theory, no good pilotwave model in terms of field beables has been presented yet. There are two attempts to construct a pilot-wave model for fermionic field theory with fields as beables, one by Holland [5, 6] and another one by Valentini [7, 8] , but both of them have problems [4, 9] . So far, particle beables seem more successful for fermionic quantum field theory. Bell presented a model for quantum field theory on a lattice [10] , where the beables are the fermion numbers at each lattice point. Bell's model differs from the usual pilot-wave program in the fact that it is indeterministic. However, Bell expected that the indeterminism would disappear in the continuum limit. Work by Colin [11] [12] [13] seems to confirm Bell's expectation. On the other hand Dürr et al. have developed a continuum version of Bell's model which is stochastic [14] [15] [16] [17] [18] .
In this paper we present an alternative approach to a pilot-wave model for quantum field theory. Making use of the fact that all fermionic fields are gauge coupled to bosonic fields, we will argue that it is sufficient to introduce beables corresponding only to the bosonic degrees of freedom. No beables need to be introduced corresponding to the fermionic degrees of freedom. We illustrate this idea for quantum electrodynamics. The beables will be field beables corresponding to the electromagnetic field and they will be introduced in a similar way to that of Bohm's model for the free electromagnetic field. In this way we obtain a deterministic pilot-wave model. The strategy of not associating beables with all the degrees of freedom of the quantum state has been exploited before in some pilot-wave models. There is for example Bell's model for non-relativistic spin-1/2 particles, where no beables are associated with the spin degrees of freedom.
In the next section we start by recalling the pilot-wave theory for nonrelativistic quantum systems that was presented by de Broglie and Bohm. We will thereby emphasize the importance of effective collapse in pilot-wave theory in order to show the empirical equivalence with standard quantum theory. When we present our pilot-wave model for quantum field theory, we will use a similar notion of effective collapse in order to show that our model reproduces the empirical predictions of standard quantum theory. Before we present our model in Section 4, we describe models in Section 3, which are similar to our model in the sense that they do not associate beables to every degree of freedom in the wavefunction.
2 Pilot-wave theory and the empirical equivalence with quantum theory
In the pilot-wave theory for non-relativistic quantum systems by de Broglie and Bohm [1, 19, 20] , the complete description of a quantum system is provided by its wavefunction and by point-particles which have definite positions at all times. In order to make a clear distinction between the notion of particles in quantum theory and the particles that are introduced as additional variables in pilot-wave theory, we will refer to the latter as particle beables [21] . For a system with a wavefunction ψ(x 1 , . . . , x N , t), with ψ = |ψ| exp(iS/ ), the possible trajectories (x 1 (t), . . . , x N (t)) of the particles beables are solutions to the guiding equations
with k = 1, . . . , N . If one considers a quantum measurement on an ensemble of identically prepared systems (all described by the same wave-function), then, as is well known, pilot-wave theory reproduces the statistics of quantum theory if the particles beables are distributed according to |ψ(x 1 , . . . , x N , t)| 2 over the ensemble. This particular distribution is is called the equilibrium distribution [7, 22, 23] . Throughout this paper we assume equilibrium distributions. Quantum equilibrium can be justified by applying statistical arguments to pilot-wave theory [2, 7, [22] [23] [24] . However, in order to have a good pilot-wave model, i.e. a model which is empirically equivalent to quantum theory, the requirement of quantum equilibrium is necessary but not sufficient. The pilot-wave model also needs to exhibit effective collapse, at least in situations where you expect ordinary collapse to occur in standard quantum theory, 1 for example in quantum measurement situations or when we have a superposition of macroscopically distinct states. Hence, although the collapse rule of standard quantum theory is not a part of the pilot-wave formulation, it should arise as an emergent phenomenon and this phenomenon is called effective collapse.
Let us first of all explain what effective collapse is in the pilot-wave theory for non-relativistic quantum systems. Suppose we have a system which is described by a superposition
The wavefunctions ψ 1 and ψ 2 are said to be non-overlapping at a certain time t 0 if
If ψ 1 and ψ 2 are non-overlapping for the time interval I = [t 0 , +∞), then, for t ∈ I, the density |ψ| 2 of the beables is given by
One can then easily show that for particle beables whose configuration (x 1 , . . . , x N ) lie within the support of ψ 1 at t 0 , the guidance equations can be written as
for t ∈ I, where ψ 1 = |ψ 1 | exp(iS 1 / ). In other words the beables are guided only by the wavefunction ψ 1 . From time t 0 onwards, one can just ignore the wavefunction ψ 2 in the description of these particle beables whose configuration (x 1 , . . . , x N ) lies within the support of ψ 1 at t 0 . This is what we call an effective collapse. The probability that we have an effective collapse ψ → ψ 1 is given by the probability that the beable configuration (x 1 , . . . , x N ) lies within the support of ψ 1 at t 0 . In quantum equilibrium, this probability is given by
Hence the effective collapse ψ → ψ 1 occurs with the same probability as the ordinary collapse ψ → ψ 1 . Similarly one can have effective collapse to ψ 2 . One can of course also have effective collapse if the state is a superposition of more than two states. For all practical purposes, the condition (3) for having non-overlapping states is in fact too strong. In order to have an effective collapse, it is sufficient to assume that the overlap of ψ 1 and ψ 2 is minimal and that the tails should be well-behaved, in the sense that the derivatives in the tails should be small enough.
For a superposition of macroscopically distinct states it is clear that we have effective collapse. This is simply because macroscopically distinct systems are located in distinct regions of physical space and hence the corresponding quantum states will be non-overlapping in the configuration space. Decoherence will ensure that, at least for all practical purposes, they remain non-overlapping for all future times. In a quantum measurement-like situation we generally have collapse too. In this case, however, one often needs to include the measurement device in order to see that effective collapse indeed occurs. This was explained in detail already by Bohm in his seminal paper [1] , but it is instructive to review this.
In a typical measurement situation the system and measurement apparatus are initially described by a product state ( i c i ψ s i (x s ))ψ a (x a ). The superscript s and a refer hereby respectively to the system and the apparatus. During the measurement process the state evolves into i c i ψ s i (x s )ψ a i (x a ) according to the Schrödinger evolution. The different wavefunctions of the system ψ s i (x s ) in the configuration space (x s ) might be overlapping. But if the wavefunctions ψ a i (x a ) are non-overlapping in the configuration space (x a ), i.e. ψ a i (x a )ψ a j (x a ) = 0, i = j, and remain non-overlapping for all future times, then one has effective collapse, say
Because the different states ψ a i correspond to macroscopically distinct states, for example measurement devices with a macroscopic needle pointing in different directions, it is guaranteed that they will be non-overlapping.
When an effective collapse occurs in a quantum measurement-like situation, it is guaranteed that the outcome of the measurement is recorded in the beables. That is, the beable configurations contain information about the outcome of the measurement. For example, one can consider the positions of the beables of the macroscopic needle of the measurement device. The beables will then indicate a certain direction which corresponds to the outcome of the measurement. For example, one can have a needle that points up or down depending on whether the spin of the particle was up or down. If the different wavefunctions of the system ψ s i (x s ) have considerable overlap, then the outcome of the measurement is not recorded in the beables of the system, but only in the beables of the measurement device.
Conversely, one can also say that, if the outcome of a measurement is recorded in the beable configuration in a pilot-wave type model, then effective collapse must have occurred.
More generally we can see that the requirement that a good pilot-wave model should exhibit effective collapse, at least in situations where one expects ordinary collapse to occur in standard quantum theory, is equivalent to Bell's requirement that the beables should 'on the macroscopic level, yield an image of the everyday classical world' [21, p. 41] .
Note that the notion 'whenever you expect ordinary collapse to occur in standard quantum theory' is rather vague. Some people would say that collapse occurs when the system is in a superposition of macroscopically distinct states. Other people would end the von Neumann chain later. For example, one could extend the chain to the very end and say that the collapse occurs when the observer makes an observation. Therefore, the requirement that a good pilot-wave model should exhibit effective collapse whenever we have a superposition of macroscopically distinct states is sufficient but not necessary. One could equally well have pilot-wave models in which effective collapse occurs only when observers make observations (see also Bell's footnote 4 [21, p. 41] ). 2 An additional point to note is that, if one wants the pilot-wave model to exhibit psycho-physical parallelism, then outcomes of measurements also need to be recorded in the beables corresponding to the observer's mental state. Or, in other words, the different wavefunctions corresponding to different mental states, which are correlated to the different outcomes of the measurement, should be non-overlapping (which will then yield effective collapse).
Similar models
In this section we describe models that are similar to our model in the sense that they do not associate beables with every degree of freedom of the wavefunction. We start with the general idea behind these models.
General framework
Suppose we have two Hilbert spaces H i , i = 1, 2 with bases B(H i ) = |o i o i ∈ O i , where the O i are some index sets. Consider now the product Hilbert space H = H 1 ⊗ H 2 . The set
then forms a basis for the product space. In this basis a quantum state |ψ can be expressed as
The corresponding density matrix reads
In the basis B(H 1 ⊗ H 2 ) the coefficients of the density matrix are
Suppose now we want to introduce beables corresponding only to the degree of freedom o 1 . One can do this by considering the reduced density matrix
In the basis B(H 1 ) this matrix has coefficients
The probability of finding the system 1 in the state |o 1 is given by ρ(o 1 ) = ρ 1 (o 1 ; o 1 ). Potentially one can interpret ρ(o 1 ) as a density of beables corresponding to the degree of freedom o 1 . Given the Schrödinger equation for |ψ , the velocity field for these beables can then be found by considering the continuity equation for the density ρ(o 1 ). In summary, we obtain a pilot-wave model in two steps. In the first step, we consider the density matrix and we trace out over some degrees of freedom. In the second, we try to find a pilot-wave model starting from this reduced density matrix. Of course, if we want the model to reproduce the quantum predictions, we need to introduce enough beables, so that, as explained in the previous section, the beables yield an image of the everyday classical world.
We now continue with some models in which this framework has been succesfully applied.
Bell
In the product basis
a state |ψ(t) ∈ H can be expanded as
The dynamics for the expansion coefficient ψ a (x, t) is given by the Pauli equation
with A the electromagnetic vector potential, B = ∇ × A the corresponding magnetic field and V an additional scalar potential. µ is the magnetic moment.
Bell [25] [26] [27] proposed a pilot-wave model for the non-relativistic spin-1/2 particle by introducing beables only for the position degree of freedom of the wavefunction ψ a (x, t) and not for the spin degree of freedom. Let us consider how this works in the context of our general framework.
In the product basis B(H), the density matrix ρ, corresponding to the state |ψ , has coefficients
By tracing out over the spin degree of freedom, we obtain the reduced density matrix
Following Bell, we can now take ρ(x, t) = ρ(x; x, t) as the density of particle beables. The dynamics for the particle beables is found by considering the continuity equation
The guidance equation is then given by
In this way we arrive at Bell's model. Although no beables were introduced for the spin degrees of freedom of the wavefunction, this model is empirical equivalent to quantum theory. Results of measurements are generally recorded in 'positions of things' so that we have effective collapse whenever we expect ordinary collapse to occur [21] .
Bell's view of beables as structure-less point particles is advocated, by amongst others, Dürr et al. [28] and by Bohm and Hiley [29, pp. 204-230 ]. This does not exclude other models in which beables are introduced also for the spin degrees of freedom, see e.g. Bohm et al. [30, 31] and Holland [5, 6, 32] .
Bell's model for quantum field theory
Another example is Bell's model for quantum field theory on a lattice [10] . In this model the beables correspond to the fermion numbers on the lattice points. Although not mentioned explicitly, the model can be seen as tracing out over the bosonic degrees of freedom of the quantum state. 3 Bell further realized that there is nothing unique about the choice of beables. We could have others instead or in addition. Following up on this note of Bell, Goldstein et al. [33] address, in all generality, the issue of whether one should introduce beables for all particle species, i.e. for photons, electrons, quarks, etc. Goldstein et al. conclude that, although experiments do not necessarily discriminate between different approaches, there is as yet no compelling mathematical or physical reason not to introduce beables for all particle species.
The model of Squires and Mackman for relativistic wave equations
Also Squires and Mackman [34] suggest to introduce beables (particle beables) only for fermions and not for bosons, but in the context of relativistic quantum theory. Their motivation to do so is that one can construct a pilot-wave model in terms of particle beables for the spin-1/2 Dirac theory, at least on the first quantized level, but not for bosons, in particular not for photons. The principal reason for this is that there is no natural candidate for a future-causal conserved vector for bosons, which can be interpreted as a particle current. This issue is discussed in detail in [5, 9, 29, 35, 36] .
If we put Squires model in the context of our general framework we see that the Hilbert space is the product of the bosonic and the fermionic Hilbert space. The pilot-wave model is then found by integrating out the bosonic degrees of freedom. Squires and Mackman did not present this model explicitly but gave an illustration of these ideas in the context of nonrelativistic quantum theory. They considered a two-particle wavefunction and devised a pilot-wave model for one particle by integrating out the degree of freedom of the other particle. This simplified model was earlier discussed by Holland [5, pp. 319-321] and later reconsidered by Goldstein et al. [33] . 4 4 Pilot-wave model for QED
In this section we present our model for quantum electrodynamics (QED). We first review Bohm's pilot-wave model for the free electromagnetic field. It will then be only a small step from Bohm's model for the free electromagnetic field to our model for QED.
Bohm's pilot-wave model for the free electromagnetic field
In order to arrive at his pilot-wave model Bohm started from the electromagnetic field quantized in the Coulomb gauge, for which the Hamiltonian is given by 5
The fields A T and Π T are respectively the transversal electromagnetic field and the transversal momentum field, i.e. we have
The magnetic field operator reads B = ∇ × A T and the transversal part of 4 The formulation of a pilot-wave model for a system described by a density matrix in position space, which is not necessarily obtained by tracing out some degree of freedom, is also discussed in [37] [38] [39] [40] . 5 In this section we use units in which = c = 1.
the electric field operator reads E T = − Π T . The longitudinal part of the electric field operator is zero by the Gauss law ∇ · Π = 0. The commutation relations for these operators read
The other fundamental commutation relations are zero. A representation for these operators is easily found by using the following Fourier expansion of the field operators
Here q l and π l are complex operators in momentum space which satisfy the commutation relations
The vectors ε l (k), l = 1, 2 are two real, orthogonal polarization vectors, which we choose to obey the following relations
From the last relation and the fact that A T and Π T are Hermitian, we have
s pilot-wave model we need the functional Schrödinger representation. This representation is obtained by choosing the complete set of eigenstates of the operators q l as the basis of the Hilbert space H B . This set is given by states that are labelled by pairs of smooth functions
In the basis B(H B ), the operators q l (k) and π l (k) have the matrix components
The components of the Hamiltonian are given by
with
Quantum states have the following expansion
with expansion coefficients Ψ(q 1 , q 2 , t) which are functionals, called wavefunctionals, defined on the configuration space of fields (q 1 , q 2 ). These are the probability amplitudes to find a quantum system in a certain field configuration. The dynamics for these wavefunctionals is given by the following Schrödinger equation
The continuity equation for the field probability density
is given by
the field current and Ψ = |Ψ| exp(iS). The pilot-wave interpretation is obtained by defining the guidance equatioṅ
for the field beables (q 1 , q 2 ). Over an ensemble, the field beables are further assumed to be distributed according to the equilibrium density |Ψ(q 1 , q 2 , t)| 2 . This is the pilot-wave interpretation for the electromagnetic field that was originally presented by Bohm [1] and which was further developed by Kaloyerou [43] [44] [45] . 7 One could argue that the fields (q 1 , q 2 ) are not suitable beables because they live in momentum space. However, the fields (q 1 , q 2 ) are in a one-toone relations with a transversal vector field A T and a field B, which live in physical space. These fields are defined by
Hence using the fields (q 1 , q 2 ), which live in momentum space, as beables is equivalent to using the fields A T or B, which live in physical space, as beables. The field beable B is also the field that is revealed in a quantum measurement of the magnetic field. For a solution (q 1 (t), q 2 (t)) to the guidance equation, we can also associate a field E T , which is given by
Unlike to the field beable B, we need the time evolution of the beables (q 1 , q 2 ) to construct the field E T . In this way, the fields B and E T take on roles analogous to position and momentum in non-relativistic quantum theory. Alternatively one could also have developed a pilot-wave model in which the beables correspond to the transversal part of the electric field.
Standard formulation of QED
Before presenting our pilot-wave model in Subsection 4.3, we will here recall some features of the standard formulation of QED. In Subsection 4.4 we will then explain how our pilot-wave model reproduces the quantum predictions. We start with the formulation of QED in the Coulomb gauge, which can be found in e.g. [48, pp. 346-350] . In the Coulomb gauge, the Hamiltonian reads
with H B the free Hamiltonian for the electromagnetic field which was defined in equation (23), H F the free Hamiltonian for the Dirac field
H I the interaction Hamiltonian
and V C the Coulomb potential
The operator j µ is the Dirac charge current
The commutation relations for the electromagnetic field operators are the same as in the free case. The commutation relations for the fermionic field operators read
The other fundamental commutation relations of the fields are zero. Because the commutation relations of the electromagnetic field operators are the same as in the free case we can use the same representation for these operators as in the free case. For the fermionic field operators we will not choose an explicit representation because we will integrate out the fermionic degrees of freedom. The Hilbert space for QED is then the direct product Hilbert space of a bosonic Hilbert space H B and a fermionic Hilbert space H F , with H B the Hilbert space with basis B(H B ) and H F the Hilbert space with basis
which is left unspecified. The label f can be discrete or continuous.
In the product basis |q 1 , q 2 ⊗ |f = |q 1 , q 2 , f of H B ⊗ H F , the operators q l (k) and π l (k) now have matrix components
The components of the Hamiltonian will be written as
Hence, if ψ 1 and ψ 2 are non-overlapping for the time interval I, the field beables q l (k) are always effectively guided by either Ψ (1) or Ψ (2) . This means that one can ignore either Ψ (1) or Ψ (2) in the future description of the evolution of the beables. This is what we call an effective collapse. In quantum equilibrium, this probability for effective collapse Ψ → Ψ (1) is given by | Ψ (1) |Ψ | 2 /||Ψ (1) || 2 and similarly for effective collapse Ψ → Ψ (2) . Hence the probabilities are the same as in standard quantum theory.
As in the case of pilot-wave theory for non-relativistic quantum systems, we can make do with less restrictive conditions for effective collapse. In order to have an effective collapse, it is sufficient to assume that the overlap of Ψ (1) f (q 1 , q 2 , t) and Ψ (2) f (q 1 , q 2 , t) is minimal and that the tails should be well-behaved, in the sense that the functional derivatives in the tails should be small enough.
Non-overlapping states
Essential for effective collapse is that the wavefunctional evolves to a superposition of non-overlapping wavefunctionals. For example, states that correspond to macroscopically distinct classical magnetic fields will be nonoverlapping. 8 In particular, it is sufficient that the states correspond to magnetic fields that differ only in a certain region of physical space. States that are macroscopically distinct because they correspond to different classical electric fields might correspond to approximately the same classical magnetic field at a certain time and hence may be very much overlapping at that time. Nevertheless, because the states correspond to different classical electric fields, it will be guaranteed that the states become non-overlapping in the near future. This follows from the Ehrenfest relation
This situation is similar to that in non-relativistic quantum theory, where wavefunctions corresponding to macroscopic systems with the same position but with sufficiently different momenta will become non-overlapping in the near future. In measurement-like situations the quantum state will generally evolve into a superposition of non-overlapping wavefunctionals. Consider for example the following quantum mechanical description of a measurement. Suppose we do a measurement on some quantum system and that the outcome of the measurement gets correlated with the direction of some macroscopic needle. In non-relativistic quantum theory there correspond particle beables to the needle so that the outcome of the experiment will be recorded in the particles positions. On the other hand, in our model for QED, there are no beables corresponding to the fermionic degrees of freedom. However, if we continue our quantum description of the experiment, the direction of the macroscopic needle will get correlated with the radiation that is scattered off (or thermally emitted from, etc.) the needle. Because these states of radiation will be macroscopically distinct they will be non-overlapping in the configuration space of fields and hence the outcome of the experiment will be recorded in the field beable of the radiation.
It is clear that we have a similar situation in other measurement-like situations. The results of measurement outcomes will become correlated with macroscopically distinct classical states of the electromagnetic field, so that we have effective collapse and a record of the outcome of the experiment in the field beable.
In pilot-wave theory for non-relativistic quantum theory we had an image of the everyday classical world in the particle beables, because they recorded the positions of macroscopic objects. On the other hand, in our model for QED, we get an image of the everyday classical world in the electromagnetic field beable. In particular, positions of macroscopic objects can be inferred from the electromagnetic field beable.
Conclusion
We have presented a pilot-wave model for quantum electrodynamics. Beables were introduced only for bosonic degrees of freedom of the quantum state and not for fermionic ones. In addition to field beables corresponding to the degrees of freedom of the electromagnetic field, one could in principle also introduce beables corresponding to the other bosonic fields appearing in the standard model: the (electro-)weak interaction field, strong interaction field and Higgs field. However, in principle, there is no need to do this because the electromagnetic field beables already contain an image of the everyday classical world.
By introducing beables only for the electromagnetic field, our model is minimalist. However, one could construct models which include beables corresponding also to the fermionic degrees of freedom. For example one could use the particle beables as introduced by Colin or by Dürr et al.
